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Abstract 

In this paper, we study optimal actuator location of the minimum norm controls for a multi¬ 
dimensional heat equation with control defined in the space L'p{Q,T\LJ{U.)). The actuator 
domain oj is quite general in the sense that it is required only to have a prescribed Lebesgue 
measure. A relaxation problem is formulated and is transformed into a two-person zero-sum 
game problem. By the game theory, we develop a necessary and sufficient condition and the 
existence of relaxed optimal actuator location for p G [2,-|-oo], which is characterized by the 
Nash equilibrium of the associated game problem. An interesting case is for the case of p = 2, 
for which it is shown that the classical optimal actuator location can be obtained from the 
relaxed optimal actuator location without additional condition. Finally for p = 2, a sufficient 
and necessary condition for classical optimal actuator location is presented. 

Keywords: Heat equation, optimal control, optimal location, game theory, Nash equilib¬ 
rium. 
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1 Introduction and main results 

Different to lumped parameter systems, the location of actuator where optimal control optimizes 
the performance in systems governed by partial differential equations (PDEs) can often be chosen 
([14]). Using a simple duct model, it is shown in [13] that the noise reduction performance depends 
strongly on actuator location. An approximation scheme is developed in [14] to find optimal location 


1 


of the optimal controls for abstract infinite-dimensional systems to minimize cost functional with 
the worst choice of initial condition. In fact, the actuator location problem has been attracted 
widely by many researchers in different contexts but most of them are for one-dimensional PDEs, 
as previously studied elsewhere [4, 6, 10, 11, 20, 22], to name just a few. Numerical research is one 
of the most important perspectives [4, 15, 18, 19, 23], among many others. 

However, there are few results available in the literature for multi-dimensional PDEs. In [16], a 
problem of optimizing the shape and position of the damping set for internal stabilization of a linear 
wave equation in = 1,2 is considered. The paper [17] considers a numerical approximation 

of null controls of the minimal L°°-norm for a linear heat equation with a bounded potential. An 
interesting study is presented in [20] where the problem of determining a measurable subset of 
maximizing the norm of the restriction of the corresponding solution to a homogeneous wave 
equation on a bounded open connected subset over a finite time interval is addressed. In [9], the 
shape optimal design problems related to norm optimal and time optimal of null controlled heat 
equation have been considered. However, the controlled domains in [9] are limited to some special 
class of open subsets measured by the Hausdorff metric. The same limitations can also be found 
in shape optimization problems discussed in [7, 8]. Very recently, some optimal shape and location 
problems of sensors for parabolic equations with random initial data have been considered in [21]. 

In this paper, we consider optimal actuator location of the minimal norm controls for a multi¬ 
dimensional internal null controllable heat equation over an open bounded domain D in M"" space. 
Our internal actuator domains are quite general: They are varying over all possible measurable 
subsets cj of D where oj is only required to have a prescribed measure. This work is different from 
[21] yet one result (Theorem 1.3) can be considered as a refined multi-dimensional generalization 
of paper [19] where one-dimensional problem is considered. 

Let us first state our problem. Suppose that H C (d > 1) is a non-empty bounded domain 
with C^-boundary dQ. Let T > 0, yo(') £ \ {0}, a(-,-) G x (0,T)), and a G (0,1). 

Denote by 

W = {cu C D I w is Lebesque measurable with m{u) = a ■ m(H)} , (1-1) 

where m(-) is the Lebesgue measure on W^. For any w G W and p G (1, -|-oo], consider the following 

controlled heat equation 

/ 

ytix,t) - Ay{x,t) a{x,t)y{x,t) = Xui{x)u{x,t) in D x (0,T), 

< y(x,t) = 0 onclDx(0,T), (1.2) 

y(x,0) = yQ{x) in H, 

where u(-,-) G LP(0, T; L^(D)) is the control, and is the characteristic function of uj. For 

simplicity, we also denote Xui{') £ ^ when w G W. It is well known that for any u(-,-) G 
LP(0,T; L^(D)), Equation (1.2) admits a unique mild solution which is denoted by y{-;uj,u). 

The minimal norm control problem can be stated as follows. For a given time T > 0 and w G W, 
find a minimal norm control to solve the following optimal control problem: 

{NP)p^^: Npiu) A inf {\\u\\Lp(^o^T-,LHn))\y{T;uj,u) =0}. (1.3) 
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A classical optimal actuator location of the minimal norm control problem is to seek an a; G W to 
minimize Np{u}): 

Np{uj)= ini Npiu). (1.4) 

If such an a) exists, we say that a) is an optimal actuator location of the optimal minimal norm 
controls. Any u G L^(0, T; L^(ll)) that satisfies y{T;Lo,u) = 0 and \\u\\ip(q^t-,l‘^{q.)) = Ap(a;) is 
called an optimal control with respect to the optimal actuator location a). 

The existence of optimal actuator location Q is generally not guaranteed because of absence of 
the compactness of W. For this reason, we consider instead a relaxed problem. Define 


B 


/3 G L(D; [0,1]) / /3^(x)dx = a • m(D) 


(1.5) 


I I j 

where L(D; [0,1]) consists of all Lebesgue measurable functions in D with values in [0,1]. Note that 
the set .6 is a relaxation to the set {xuj \ ^ £ kV} by observing that for any w G W, /3(-) = Xuji') £ B, 
yet B is not anyhow the convex closure of {xuj \ ^ £ kV}. Most often in what follows, we drop 
bracket by simply using f3 to denote the function /?(•). This remark is also is applied to other 
functions in some places when there is no risk of arising the confusion. 

For any 13 £ B, consider the following system: 


/ 

yt{x, t) - A.y{x, t) + a(x, t)y{x, t) = f3{x)u{x, t) in D x (0, T), 

< y{x,t) = 0 ondQx{0,T), (1-6) 

y{x,0) = yo{x) in D, 


where once again the control u{-,-) G LP(0, T; L^(D)). Denote the solution of (1.6) by y{-;/3,u) as 
counterpart of y{-]LJ,u) but with obvious different meaning. Accordingly, the problem {NP)p^i^ is 
changed into a relaxation problem of the following; 


{NP)p,y : Np{/3) ^ mf{\\uhpio,T;LHn)) \ y{T;/3,u) = O}, (1.7) 

and the classical problem (1.4) is also relaxed to the following problem 


NpiP) = MNp{/3). (1.8) 

Any solution 13 to problem (1.8) is called a relaxed optimal actuator location. If there is f3 = Xco 
solves problem (1.8), then ui is an optimal actuator location of the optimal minimal norm controls. 

Our main approach is based on the two-person zero-sum game theory. If we are minimizing 
the cost with two variable functions and /3(-) one after another, then problem (1.8) can be 

written as 


inf inf ||u||LP(o,T;L2(n)) where D/s = {u £ LP{0,T; \ y{T;P,u) = 0}. (1.9) 

This is a typical two-level optimization problem yet not a game problem. Indeed, in the framework 
of two-person zero-sum game theory, any Stackelberg game problem which is also called leader- 
follower game problem (see, e.g., [25]) should be of the form: 


inf sup J(x,?/) or sup inf J{x,y), 
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where it is required that the set E is independent of the set F. It is interesting that we can 
use the relationship between problem {NP)p^p (1-7) and its dual problem which is a variational 
problem when (3 = Xu ([12]) to transform the problem (1.9) into a Stackelberg game problem in the 
framework of two-person zero-sum game theory, which gives in turn the solution of our problem. 

The main result of this paper is the following Theorem 1.1. 


Theorem 1.1. For any givenp G [2,-|-oo] with q being its conjugate exponent: 1/p+l/q = 1, there 
exists at least one solution to problem (1-8). In addition, j3 is a solution to problem (1.8) if and 
only if there is GYg sueh that {j3, (f) is a Nash equilibrium of the following two-person zero-sum 
game problem: Find {j3, 'ip) G B x Yg sueh that 


2 L‘i{o,T-,F(n)) + (2/0;V'(O)) 

2 ||/^^(■) II L‘i{o,T-,F{n)) ^ 2 / 0 ’ ) 


= sup 
/3eB L 

= inf^ 

beT, L 


/^V’(') L9(0,T;L2(o)) + ( 2/0) '0(0) ) 


1 n. 


2 /5'0(') L'j(o,r;L2(n)) “*“ (2/0)'0(0)) 


( 1 . 10 ) 


where Yg is defined in Definition 3.24 section 3.2.3. 


Remark 1.2. The above neeessary and sufficient condition is characterized by the Nash equilibrium 
of the assoeiated game problem. Furthermore, for any solution ^ to problem (1.8), the set 


G Yg I (/3,0) is a Nash equilibrium^ (l-H) 

is a singleton and independent of Indeed, the set defined in (1.11) equals to {0} where fp is the 
unique solution to problem (GF2) (3.44)- Based on this faet, we can present a necessary eondition 
to eharacterize any solution j3 in an alternative way in ease the Nash equilibrium is not easy to be 
determined. That is, if (3 is a solution to problem (1.8), then ^ solves the following problem: 

sup ||00(')||2,9(O,T;L2(O))' (1-12) 

All results are illustrated in Remark 3.29 in section 3.2.3. 


The case of p = 2 is of special interest. In this case, the solution of the classical problem (1.4) 
can be obtained from the associated relaxation problem (1.8). 

Theorem 1.3. Let p = 2 and let 0 he the unique solution to problem (GF2) (3.44)- Then there 
exists at least one a) G W such that 


N 2 {oj) = inf N 2 {uj) = N2{I3) = inf N2{/3), 

/9eB 

where ^ = Xq- Moreover, u is an optimal aetuator loeation of the optimal minimal norm controls 
if and only if Co solves the problem following 


where f{x) 


ip‘^{x, t)dt. 


SUp||Xa;/||i2(^), 
loGW ^ ' 


4 



We proceed as follows. In section 2, we formulate the problem (1.8) into a two-person zero- 
sum Stackelberg game problem. Several equivalent forms are presented. Section 3 is devoted to the 
proof of the main results, where in subsection 3.1, we discuss the relaxed problem, and in subsection 
3.2 we discuss the associated two-person zero-sum game problem. Subsection 3.2.1 presents the 
existence of the relaxed optimal location, and subsection 3.2.2 discusses the value of the two-person 
zero-sum game. The Nash equilibrium is investigated in subsection 3.2.3. We end section 3.2 by 
presenting the proof of Theorem 1.1. In subsection 3.3, we discuss the case of p = 2. We conclude 
the context by presenting the proof of Theorem 1.3. 

2 From relaxation problem to game problem 

Suppose that the p G (l,-|-oo] is fixed, /3 G .6, and q is the conjugate exponent of p: | -|- | = 1. 
Now let us consider the dual problem of Consider the dual system of (1.6): 

/ 

t) + Aip{x, t) — a{x, t)(p{x, t) = 0 in 0 X (0, T), 

(p{x,t)=0 ondnx{0,T), 

ip{x, T) = z{x) in O, 

y^{x,t) = l3{x)(p{x,t) inOx(0,r), 

where z G L^(n) is given and y^p{x,t) is the output of (2.1). We denote the solution of (2.1) by 
Introduce the functional: 

'^(^;/3>^) = ^II^V?(-;2:)llL(0,T;L2(n)) + (2 /o,</?(0;2;)), (2.2) 

and propose the following variational problem: 

(MinJ)^^g: Vq{P) = inf J{z;(3,q). (2.3) 

z£L‘^(Q,) 

The following Lemma 2.1 whose proof is presented at the end of section 3.1 gives a relation 
between problems (iVP)p^,g (1.7) and (Min J)/ 3 ^q (2.3), which enable us to formulate the problem 
(1.8) into a two-person zero-game problem. 

Lemma 2.1. Let (3 £ B and yo £ \ {0}. Let Np{l3) and Vq{l3) he defined by (1.8) and (2.3) 

respectively. Then 

Vfifi) = (2.4) 

Remark 2.2. When fi = Xui for uj G W, the corresponding equality (2.4) has been verified in [24]. 
Here we establish it for our relaxation problem. 

To transform problem (1.8) into a game problem by (2.4), we need to introduce two spaces. Let 

Y = M-,z)\ zeL^n)}, (2.5) 
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where (/?(•; z) is the solution of (2.1) with the initial value z G L^(Q). Obviously, y is a linear space 
from the linearity of PDE (2.1). 

With Lemma 2.1 and space V, it turns out immediately that the problem (1.8) is actually a 
minimax problem. Precisely, to solve problem (1.8), we only need to consider the following problem: 

sup -^Np(/3f = sup Vg(/3). (2.6) 


By the definition of V^(/3) in (2.3), the problem (2.6) is equivalent to the following problem: 


sup inf 

/3gB2eL2(n) 


1 

2 


ll/3‘^(-;^)ll L<i{0,T;L‘^{n)) 


+ {yo,ip{ 0 ,z)) 


Furthermore, by the definition (2.5), the problem above is equivalent to the following problem: 


sup inf 


0GB [2 


L9(0,r;L2(o)) + ( 2/0; T0,q{l3^l^) ) 


where T 0 ^q : fiYy^q —)■ Lp‘{Q) is a compact operator which will be specihed later in (3.11) with 
Y <Z Y 0 ^q and T 0 ^q{f 3 ' 4 !) = V'(O) for any xp £ Y. To sum up, we have obtained the following 
equivalences: 


infiV,(/l) 


sup-^iVp(^)^ 
0GB 2 


SUpPg(/3) 

0GB 


sup inf 

/3gB2eL2(o) 




1 

2 




2 

L'?(0,T;L2(n)) 


+ (yow(0,2:)) 




sup inf 

/3eBV’6y 


2 ll/^V'lli'3(o,r;L2(n)) 


+ (2/0,7^,g (/3 V’)) 


(2.7) 


( 2 . 8 ) 


Remark 2.3. We note that if the optimal solutions to problems (1.8), (2.7), and (2.8) exist, then 
they are the same. In addition, the existence of solution to problem (2.7) means that there exists 
f3 G B such that 


inf 

zGL^in) 


1 M 


2 L9(0,r;L2(o)) + ( 2/0) 7^(0, 2:) ) 


= sup inf 


1 


II/3</?(-;^)I|L(o,T;L2(o)) + {yo,(p{0,z)) 


0 GB^GL^{n) [2 

Similar remark can be made to the solution of (2.8). 

The problem (2.8) is a typical Stackelberg game problem which has the following equivalent 
form: 


(GPl): sup inf 


0GB [2 


L'?(0,T;L2(n)) + (/3r;,,2/o,V’) 


(2.9) 
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To solve the game problem arisen from problem (GPl) (2.9), we need to put into the framework 
of two-person zero-sum game theory. Let us recall some basic facts of the two-person zero-sum game 
problem. There are two players: Emil and Frances. Emil takes his strategy x from his strategy 
set E and Frances takes his strategy y from his strategy set F. Let / : E x F he the index cost 
function. Emil wants to minimize the function F while Frances wants to maximize F. In the 
framework of two-person zero-sum game, the solution to (2.9) is called a Stackelberg equilibrium. 
The most important concept for two-person zero-sum game is the Nash equilibrium. 

Definition 2.4. Suppose that E and F are strategy sets of Emil and Frances, respectively. Let 
f : E X F !-)■ M 6e an index cost functional. We call {x,y) G E x F to be a Nash equilibrium if, 

fix, y) < fix, y) < fix, y), x G E,y G F. 

The following result is well known, see, for instance. Proposition 8.1 of [1, p.l21]. It connects 
the Stackelberg equilibrium with the Nash equilibrium. 


Proposition 2.5. The following conditions are equivalent, 
(i) ix,y) is a Nash equilibrium; 


(ii) V~^ = V and x solves the following problem (or equivalently, x is a Stackelberg equilibrium 


associated): 


inf sup/(x,y), i.e. sup/(x, y) = E+, 

y^p 


and y solves the following problem (or equivalently, y is a Stackelberg equilibrium associated): 


sup inf/(x,y), i.e. 

y^pxeE 


inf fix, y) = V 

xGE 


where 

y*" = inf sup/(x, y), = sup inf/(x, y). (2T0) 

^&Ey^p y^pxeE 

When V~^ = V~, we say that the game problem attains its value V~^ = V~. 


Returning back to our problem (GPl) (2.9), it is seen that the index cost function is defined by 

- WU^yo, i’), ( 2 . 11 ) 

The first player who controls the function fi G B wants to minimize F while the second player who 
controls the function if G Y wants to maximize F. Thus we can discuss problem (GPl) (2.9) in 
the framework of two-person zero-sum game. 
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3 Proof of the main results 


First of all, let us recall the null controllability for the controlled system (1.6). 

Lemma 3.1. The system (1.6) is null controllable if and only if the dual system (2.1) is exactly 
observable: There exists positive constant Cq^a such that 

ll<i^(0;2:)||L2(j^) < Cq^a II/3</?(-;^;)IIl.(0,T;L2(o)) >^ 2 : G and 13 gB. (3.1) 

The inequality of (3.1) is referred as the “observability inequality” for system (2.1). 

Proof. When f3 = XtJ) h is well known that system (1.6) is null controllable if and only if the 
“observability inequality” holds for dual system (2.1); There exists Cq^b > 0 such that 

II</^(0;2:)||l2(j^) < Cq^b IIXa;</^(-;2)||i,(0,r;L2(o)) 2 G l 2(0) and m(a;) > 6 > 0, (3.2) 

with some constant b. In addition, Cq^b is monotone decreasing with respect to b yet Cq^b is 
independent of iv. For any (3 G B, let 





Remark 3.2. Following from the proof of Lemma 3.1, the eonstant Cq^a in inequality (3.1) is 
independent of ft G B. 


3.1 Relaxed case 

To introduce the operator in (2.8), we introduce two spaces first. 


Lemma 3.3. Let Y be defined by (2.5). For each (3 G B, define a funetion in Y by 

PoiF) = II/5<^IIl'?(0,T;L2(o)), V G y. 

Then {Y,Fq) is a linear normed space. We denote this normed space by Yp^q. 


Proof. It suffices to show that Tb(V’) = ll/3V'||L9(o,r;L2(o)) = 0 implies = 0. Actually, by (3.3), 

T;L 2 (o)) < ||/3V’llL'?(o,r;L2(o)) — 0. 

By the unique continuation (see, e.g., [3]) for heat equation, we arrive at V' = 0. □ 

Denote by 

Yp^q= the completion of the space y/ 3 ^g. (3-4) 

It is usually hard to characterize Yjs^q. However, we have the following description for Yp^q. 

Lemma 3.4. Let 1 < q < oo, fi G B, and let Y p^q be defined by (3.4). Then under an isometrie 
isomorphism, any element ofY p^q ean be expressed as a function (p G ^([0, T); Lfi{LL)) which satisfies 
(in the sense of weak solution) 

f fit{x,t) + Aip{x,t) - a{x,t)(p{x,t) = 0 inDx(0,T), 

\ fi{x,t) = 0 on dfl X (0,T), 

and fifi = lim /3p{-;zn) for some sequence {zn} C Lfi{Ll) in L^{t),T-,L?‘{Ll)), where (p{-;zn) is the 

n^oo 

solution of (2.1) with initial value z = Zn. 

Proof. Let ip G (Yj^^q, Fq), where {YFq) is the completion of (y/ 3 ,g, Fq). By the definition, there 
is a sequence {zn} in L^(H) such that 

Fo{T{-',Zn) - Ip) ^ 0 , 


from which, one has 

1^0 (v^(-; Zn) - p{-; Zm)) = Fo{p{-; Zn) “ pi'] Zm)) 0 as n, m OO. 


In other words, 

\\j3p{-;zn) - I3p{--, Zm)\\L<i{o,T-,LHn)) 0 as n, m oo. 

Hence, there exists ip G L'?(0, T; L^(H)) such that 


Zn) ^ strongly in L'?(0, T; L^(H)). 


(3.6) 


(3.7) 
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Let {Tfc} C (0,T) be such that T. i.e. is strictly monotone increasing and converges to 

T. Denote ipn = ip{-;Zn)- 

(a) . For Ti, by the observability inequality (3.1), and (3.6), 

\\‘fiT2;Zn)\\L2(n) < C'(l)||/3<^(-; ^n)||L9(T2,T;L2(o)) 

< Zn)\\L<i{o,T-,L^{n)) < C'(1),V n G N, 

Hence, there exists a subsequence {^in] of {^Pn} and poi £ L^(D) such that 

Pin{T2) = p{T2]Zin) poi Weakly in L^(D). 

This together with the fact; 

/ 

ipin)t{x,t) + Aipin{x,t) - a{x,t)pinix,t) = 0 in D X ( 0 ,r 2 ), 

< ipinix,t) = 0 on9Dx(0,T2), 

pin{x,T 2 ) = p{T 2 ;zin) in Q, 

shows that there exists V'l £ L'^( 0 , T 2 ] L^(D)) n (^([O, T 2 — d]; L^(D)) for all 5 > 0 , which satisfies 

(V'i)t(x,t) + AV’i(x,t) - a{x,t)ipi{x,t) = 0 in D X ( 0 ,T 2 ), 

< 'ipi{x,t) = 0 on clD X (0,T 2 ), 

'ipi{x,T 2 ) = poi{x) in D, 

such that for all 5 > 0 , 

(fin V’l strongly in L''([ 0 , r 2 ]; ^^(D)) n C'([ 0 ,T 2 - 6y,L‘^{n)). 

In particular, 

^ V’l strongly in L‘?([ 0 ,T 2 ];L^(D)) n C'([0,ri];L2(D)), (3.8) 

and 

Ppin /3V’i strongly in L‘?([0, T 2 ]; L^(D)). (3.9) 

These together with (3.7) and (3.9) yield 

/3V’i = iVm L‘?([0 ,Ti];L2(L!)). 

(b) . Along the same way as (a), we can find a subsequence {p 2 n] of {pin}-, and V ’2 £ 
L^([0, T 3 ]; L^(D)) n (^([O, T 3 — (J];L^(D)) for all 5 > 0, which satisfies 

f {'iy2)t{x.,t) + A'4)2{x,t) - a{x,t)'4)2{x,t) = inDx( 0 ,r 3 ), 

\ il> 2 {x,t) = 0 on dQ X ( 0 ,T 3 ), 

such that 

P 2 n V ’2 strongly in L‘*'([ 0 , T 3 ]; L^(D)) n C{[0,T2]; L'^{9.)). 

This, together with (3.8), leads to 

V’2|[0,Ti] = V’l, 
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and 


(3i^2 = ^in L^{[0,T2]-,L\n)). 

(c). Similarly to (a) and (b), we can find a sequence {ipk} which satisfies, for each k G N"*", that 

. V’fc G^n[0,Tfc+i];L2(f7))nC([0,rfc];L2(f^)); 

• V’A:+l|[0,rj,] = V’fc; 

• V’fc satisfies 

J {ipk)t{x,t) + Aipk{x,t) - a{x,t)'ilJkix,t) = 0 in n X (0,Tfc+i), 

\ '4!k{x,t) = 0 ondQx {0,Tk+i). 

• /3V’fc = ^ in-b^([0,Tfc];L2(n)). 

Define 

= 'ipki-,t), t G [0,Tk]. 

Then, ■0 is a well defined on [0, T), which satisfies 0 G -^*^([0, T]; L^(D)) n (^([O, T); L^(D)), 

J 0i(x, t) + A0(x, t) — a(x,t)0(x, t) = 0 inDx(0,T), 

I ip{x,t) = 0 on (9D X (0,T), 

and 

j3'il, = il,= lim 

71^00 

Under an isometric isomorphism, we can say 0 = 0. This complete the proof of the lemma. □ 

We define the operator T ; T —)• by 

T{^i-,z)) = ip{0-,z),y zeL^n), (3.10) 

which is well-defined because Y C ^([O, T]; L^(D)). Define the operator 70,q : I3Y —)■ L^(D) by 

r^,,(00) = 0(o), v0gF^,,. (3.11) 

By lemma 3.4, the operators 70,q is also well-defined. In addition, it follows from the observability 
inequality claimed by Lemma 3.1 that the linear operator 70,q is bounded. 

Lemma 3.5. If /3 G B and q G [l,oo), then the operator Tp^q defined by (3.11) is compact. 

Proof. By the observability inequality claimed by Lemma 3.1, it follows that the operator fiYp^q 
L?‘{H) defined by 

/30(-,-)^0(-,r/2), V0 gF^,, 

is bounded. Also by the property of heat equation, the operator defined by 

V^(')^/2) —^ </^('F)) V (/? G Yp^q 
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is compact. As a composition operator from the above two operators, Tp^q is compact as well. □ 


Notice that the functional Vq{/3) in (2.3) can be written as 

li9(o,r;L2(n)) + (2/0) T('0)) 


Vq{l3)= inf 

'ipGY 


inf 

f3,q 

inf 

L 


ii^ 

i’^ 0 yp,q L 


i'?(0,T;L2(O)) + i 2/0) 'Ti3,q(.f3'4>) ) 


L'?(0,T;L2(O)) + {'V^,qy0^ LP{0,T-,L^{n)),Li{0,T-,L^{n)) 


LP(0,r;L2(n)),L'?(o,r;L2(o)) 


L9(0,T;L2(n)) 


(3.12) 


Let 

4>p,q = Tlqyo^LP{^,T-L\n)). 

We present an equivalent problem of problem (Min J)^ ,j (2.3) with the extended domain: 


(Min J)p q : inf 

<:(^pyp,q L 


9 IICllL9(0,r;L2(n)) + ( 4>l3,q, C ) 


(3.13) 


The following result gives a relation between problem {NP)p^fj and problem (Min J)y 3 


<?• 


Lemma 3.6. Suppose that 13 ^ B, i/q ^ L^(ll) \ {0}, and q G [l,oo). Then problem (Min J)^^g 
(3.13) admits a unique nonzero solution ({x,t), and the control defined by 

u{x,t) = llClli7(V;i2(o))llC(-)i)lli2j7)C(a^’*)’ V (x,/) G 11 X (0,r), (3.14) 

is an optimal control to problem {NP)p^p. Moreover, 


^piP) — IICIIi,'J(0,T;L2(q)). (3.15) 

Proof. Since for any q G [l,oo), by the coercive, continuity, and the strict convexity of the 
functional in (Min J)y,q (3.13), we have that the problem (Min J)/ 3 ,g (3.13) admits a unique solution 
C(x,/). We claim that 

C^O. (3.16) 

If this is not true, we can derive from the Euler-Lagrange equation that 


(<^^,,, 0 = 0 , 'dC^/3Y0,q. 

It then follows from C Yp^q that 

( 2 / 0 , </?(0, z)) = { fiifi-; z)) = 0, V z G L‘^{n). 

We claim that {(pfid,z)\z G L^(ll)} is dense in LP‘{TL). Once the claim holds, the above equality 
implies that y^ = 0. This contradiction shows that (3.16) is true. 
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Now we show that {ip{Q,z)\z G -L^(r2)} is dense in L^(i7). Recalling the dual system (2.1), we 
dehne the operator L in by 

Lz = (/9(0, z) for any z G 


Notice that 


{(^(0, z)|z G L^(n)} is dense in LF‘{VL) 'R-iL) = L‘^{VL) ^ = {0}, 

where the last equivalence holds because of Tl{L) = For any z G L?{Vl)^ consider the 

following equation 

f (pt{t) - 

1 <^(0) = 

First, a direct verification shows that 

L*{z) = ip{T). 

By the backward uniqueness for heat equation, we have M{L*) = {0}. Second, we claim that 


C(-,t)^0, VtG[0,T). 


(3.17) 


Actually, since PY G (^([O, T); L^(ll)), is well-defined for every t G [0,r). If there is a 

to £ [0)7") such that C{-,to) = 0, then by Lemma 3.4, there is (,0 G C'([0, T); L^(n)) which solves 
(3.5) such that 

C = f3^- 


Since by (3.3), 


/3{x) > \Jal2 111 ={x G n I /3{x) > vW^}, m(lli) > 0, 


it follows that 

Xoi<^(^o) = 0. 

By virtue of the unique continuation of heat equation ([3]), we arrive at (^(•) = 0. This contradicts 
with (3.16), and hence (3.17) holds true. 

Therefore, the control u{x,t) defined by (3.14) is well-defined and u(-,-) G L^(0, T; L^(n)). 
Now, we show that this control is optimal to problem {NP)p^j 3 (1.7). Since C(a:,t) is optimal, we 
can derive the corresponding Euler-Lagrange equation to the variational problem (Min J)^ ,j (3.13) 
as follows: 

(u,e) + (0/3,g,O = O, VeG/3F^,g. (3.18) 

Taking ^ = /?(/?(•; z) for any 2 : G L^(n) in (3.18), a straightforward calculation shows that 


y{T;P,u) = 0. 


If u satisfies 

y{T;/3,u) = 0, (3.19) 
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we will show that 


(3.20) 


ll^llLP(0,r;L2(n)) < II^IIlp(0,T;L2(O))) 

from which we see that u{-, ■) is an optimal solution to problem {NP)p^i 3 (1.7) and (3.15) holds. 
Now, we prove (3.20). By (3.19), 

rT 


-{yo,ip{0;z)) = {y{T;/3,u),z) - {yo,ip{0;z)) = f {/3(p{t; z),u{-,t))dt, V z G L^(n), 

Jo 


which is rewritten as 


By the density argument, it holds that 

It then follows from (3.18) that 

{u,0 = {u,0, V? G l3Yy^q. 
Taking ^ ^ in above quality, we have 

{u,C) = {u,C). 

On the other hand, it follows from (3.14) that 


^llLP(0,T;L2(n)) \\‘^\\Li{0,T-,P(n)) I / I IIC(') ^) 11^2(q)C('T) 


|<?-2 


dt 


II^IIl9 0,T;L2(q)) 


140 


iic(->i)ii?2(i)^dt 


“2 ~ ~ 

= IIClli;,9(o,T;L2(Q)) \\^\\L<i{0,T;P{n)) 


lL'?(0,T;L2(n))- 


Hence 


l“llLP(0,r;L2(o)) — ||C| 


aI|2 

Li{0,T-,P{n)) 


= {C,u) 


(3.21) 


(3.22) 


(3.23) 


By (3.23), (3.21), and (3.22), we have 

ll^llL(o,r;L2(n)) = {u,0 = {u,0 < ll^ll • IICII = ll^ll • l|ll||- 

The result \\u\\LP{o,T-,P{n)) ^ ll^llLp(o,r;L2(n)) follows immediately because u / 0. □ 

Remark 3.7. By the equivalence form (3.12) for problem (Min J)^_q (3.3), and the observability 
inequality elaimed by Lemma 3.1, it is known immediately that the problem following 


2 ll/^V'llL'i(0,r;L2(n)) ;L2(Q)),L9(o,r;L2(o)) 

admits a unique solution in Yg^q. 


inf 

L 


(3.24) 
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Proof of Lemma 2.1. Suppose that C is an optimal solution of (Min J)y 3 ,j that 




^g(/3) — 2 + ( 4>l3,q, C ) • 

Replace by C in (3.18) to obtain 


(</>/ 3 ,q,C) = -{u,C) ■ 


This, together with (3.23), gives 




'^qiP) — 2 IICIlL?(o,r;L2(Q))- 


The result then follows from (3.15). 


3.2 The case of two-person Stackelberg game 


In this subsection, we solve the game problem (2.8). The first part presents the existence of solution 
to (2.8). 


3.2.1 Existence of relaxed optimal actuator location 

Let 

Zq = PT^,,yoeLP{0,T-,L\n)), 0 = G L(L1; [0,1]) | ^ 0(x)dx = a • m(L?)| . 

It is clear that 

/3^ G 0 for any /3 £ B and 6^^'^ G B for any 0 G 0. (3.25) 

Then, the problem (GPl) (2.9) can be transformed into the following equivalent problem: 


inf sup 


= inf sup 


1 

2 yyo \Jn 

"T 


q/2 \ 2/<? 

/l^(x)V'^(x, f)dx ] dt I 


(o,T)xn 


Zg(x, t)'4^{x, t)dxdt 


i(y 0(x)V’^(x,f)dx^ dt 

) Zq{x, t)Tp{x, t)dxdt 


(o,T)xn 


= inf sup F(9,'tp) = inf F(9), 
eee^gy eee 

where the functional F defined on 0 x T by (2.11) is now given by 

' rT / r \ <?/2 \ 


(3.26) 


T(6',V’) =-^ I \^J^9{x)'il)'^{x,t)dx] dt 


and the functional F defined on 0 is given by 


{o,T)xn 


Zq{x,t)il){x,t)dxdt, (3.27) 


F{9) = supF(0,V’), V0 G 0. 
i/'ey 


(3.28) 


To solve problem (3.26) which is equivalent to the game problem (GPl) (2.9), we introduce the 
following Definitions 3.8-3.10 which can be found in Definition 38.4 on page 149 and Definition 38.5 
on page 150, both in [26]. 
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Definition 3.8. Let Z he a Banach space and let f : M C Z* —)■ R U {+ 00 } he given. The 
functional f is said to he sequentially weakly* lower semi-continuous if, for any z G M and each 
sequence {zn} C M with 

Zn ^ z weakly* in Z*, 


it holds that 

f{z) < lim f{zn). 

n^oo 

Definition 3.9. Let Z he a topological space. The functional / ; M C Z —)■ R U {+ 00 } is said to 
he lower semi-continuous if, the set 


Mr = {zGM\ f{z) < r} 


is closed relative to M for any r G R. 


Definition 3.10. Let Z he a Banach space and let f : M C Z* —)■ R U {+ 00 } he given. The 
functional f is said to he weakly* lower semi-continuous if, the set Mr is weakly* closed in Z for 
any r G R. 


The following Propositions 3.11 is brought from Proposition 2.31 of [2, p.62]). 

Proposition 3.11. Let Z he a separable Banach space. /// : Z* —)■ R U {+ 00 } is convex, then f 
is weakly* lower semi-continuous if and only if f is sequentially weakly* lower semi-continuous. 


The following Proposition 3.12 comes from the fact: 


1 z G M 1 sup /i < r 1 

= Pi {z G M , 

fi < r} 

1 ie/ J 

iei 



Proposition 3.12. Let Z he a topological space and let I he an index set. If 

{fi : M C Z —)■ R U {+ 00 }, i G /} 

is a family of lower semi-continuous functionals, then sup fi is also lower semi-continuous. 

iei 

The following Proposition 3.13 is actually Theorem 1.6 of [5, p.6]. 

Proposition 3.13. If r G (0,1] and 

f, gGLl = {fGL^\f>0}, 

then 

\\f + g\\L-r > Wfh- + lls'lli’-- 


Now, we discuss the existence of solution to problem (3.26). To this end, let X = L°°{Ll) which 
is equipped with the weak* topology. In this way, 0 is compact in X. 
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Lemma 3.14. Suppose that q G [1, 2] and yo G \ {0}. If '4^ is given, then the functional 

F{-,4;) >MU{+oo} defined by (3.27) is convex. 

Proof. By (3.27), 

F{e,4;) = -\ 

Notice that 

I 0(x)V’^(x, •)dx G L^(0, T), 

Jn 

where q/2 G (0, 1] for q G [1, 2], It then follows from Proposition 3.13 that the functional P(-, V’) is 
convex for any q G [1, 2] and GY. □ 

Lemma 3.15. Suppose that q G [1, 2] and yo G \ {0}. If if gY is given, then the functional 

F{-,if) : 0 —)■ R U {+oo} defined by (3.27) is sequentially weakly* lower semi-continuous. 

Proof. If there is a sequence {0„} G 0 such that 

On ^ 0 weakly* in 


9{x)ilP‘{x, •)dx 




- {Zq,lf) 


then for any ip gY and t G [0, T), 

lim / 9n{x)ip‘^{x,t)dx = / 9{x)ip'^{x,t)dx < / ip‘^{x,t)dx. 

Jn Jn 

q/2 


Since 


I (y df < oo, 

it follows from the dominated convergence theorem, and (3.27) that 

lim F{9n,iP) = F{9,iP). 

n^oo 

The functional F{-,ip) is therefore sequentially weakly* lower semi-continuous. 


Theorem 3.16. Suppose that q G [1,2] and yo G L^(fl)\{0}. Then the game problem (GPl) (2.9) 
admits a solution in 0. 

Proof. By Lemma 3.15, the functional F[-,ip) is sequentially weakly* lower semi-continuous. It 
follows from Proposition 3.11 and Lemma 3.14 that the functional F{-,ip) is weakly* lower semi- 
continuous. Under the topology of X, F{-,ip) : 0 C X —)■ R U {+oo} is lower semi-continuous. 
Furthermore, it follows from Proposition 3.12 and the definition of F in (3.28) that F{-) is also 
lower semi-continuous. By the compactness of the domain 0 under the topology of X, there exists 
at least one solution to problem (3.26). Therefore, the game problem (GPl) (2.9) admits a solution 
in 0. □ 
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Remark 3.17. The set 


P={f3 


f3{x)dx < a ■ m{0,), f3 G L(r2; [0,1]) 


is not weakly* closed. For example, let ri = (0, 2) and a = 1/4 and take 


Then jS'l £ P, £ P- Consider a eonvex combination of fd'l and jd^-' 


1 


/3 = Then jd"^ = 1/8. However, ^(x)dx = ^ > ^. So ^ 


P. 


3.2.2 Value attainability of the zero-sum game 


/5l = lX(0,l)> /52 = \X(1,2)- 
^jdf + ^/3| = 1/8 and let 


In this subsection, we will make use of the game theory to discuss the value attainability of our 
two-person zero-sum game (3.26). Note that for our problem (3.26), 


V~^ = inf sup F{6, Ip), 


(3.29) 


and 

V~ = sup inf F{9,'ip), (3.30) 

6»ee 

where F is given by (3.27). It is clear that V~^ is the value of problem (3.26). Once V~^ = V~, we 
can characterize the Stackelberg equilibrium to problem (3.26) by using Proposition 2.5. To this 
end, we introduce an intermediate value V and prove successively that V~ = V under topological 
assumptions, and that V = under convexity assumptions. 

We denote by fC all the finite subsets of Y. For any K G 1C, set 

Vk = inf sup V = sup Vk = sup inf sup F{9,fj). (3.31) 

d&G'ipeK K&K Ketc^^^ipeK 


Then 


y- <v < v+. 


(3.32) 


Lemma 3.18. Let q G [1,2]. Let V~^ and V be defined by (3.29) and (3.31) respeetively. Then 

V+ = V. (3.33) 


Proof. For any K = {'tpi,ip2, ■ ■ ■ ,ipn} £ Td, since from Lemma 3.15, the functional F{-,'ipj) is 
sequentially weakly* lower semi-continuous in 0 for any j G {1, 2,... , n}, it follows from the proof 
of Theorem 3.16 that there is 9 k £ & such that 


sup F{9k,iP) = inf sup F{9,ip). 
ipeK see,p^K 

This together with the dehnition of V enables us to derive 


F{9k,'iP) < sup F{9k,'iP) = inf sup F{9,'tp) < sup inf sup F{9,fi) = V, M £ K. 


(3.34) 


For any £Y, denote 

5^^{0G0 I F{9,fi)<vY 
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It follows from (3.34) that the set is nonempty and 

{ 9 k } C Pi / 0. (3.35) 

In addition, since F{-,^) is weakly* lower semi-continuous, is weakly* closed in L°°(n). In 
other words, is closed under the topology of X. This, together with (3.35), implies that 

the intersection of any finite subsets of GY} is nonempty. 

By the compactness of 0, 

n / 0- 

Hence, there is 0 such that 

sup F{9, 'ip) < V, 

and so 

inf sup F{6, ijj) < V. 

This, together with (3.32), completes the proof of the lemma. □ 

The following Proposition 3.19 is Proposition 8.3 of [1, p.l32]. 

Proposition 3.19. Let E and F be two convex sets and let the function /(•, •) be defined in Ex F. 
Let T be the set of all finite subsets of F and 

V = sup inf sup f{x,y), V~ = sup inf f{x,y). 

K&Tx&E'ipaK y£p xGE 

Suppose that a) for any y G F, x ^ fix,y) is convex; and b) for any x G E, x ^ /(x,y) is 
concave. Then V = V~. 

Lemma 3.20. Let q G [1,2] and let V~ and V be defined by (3.30) and (3.31), respectively. Then 

V = V-. (3.36) 

Proof. It is clear that both 0 and Y are convex. Let 6 G G and let (3 G B be such that (3‘^ = 6. 
Since by (3.27), 

and 

2 1 ^ 

— 9 IIV’l|lL9(0,T;L2(n)) + 9 (0,T;L^ (Q)) > ^ G L^(0, T; L^(n)), 

L9(0,r;L2(Q)) ^ ^ 

the functional F(0, ■) is concave for any q G [l,oo) and 6 G Q. On the other hand, it follows from 
Lemma 3.14 that the functional T’(-,V’) is convex for any q G [1,2] and GY. Apply Proposition 
3.19 to obtain (3.36). This completes the proof of the lemma. □ 

Combining the above results, we have proved the following Theorem 3.21. 


'ipl + 

2 
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Theorem 3.21. Suppose that q G [1,2] and let and V be defined by (3.29) and (3.30) 
respectively. Then 

V- = F+. (3.37) 

Remark 3.22. In the original problem, there are two important cases. One is p = 2, and the 
other is p = CO. Their corresponding conjugate exponents are q = 2 and q = 1 respectively. It is 
fortunate that Theorem 3.21 is valid for both these eases. 


3.2.3 Nash equilibrium 


The value attainability for a given two-person zero-sum game is a necessary condition to the 
existence of the Nash equilibriums. To discuss further about the solution to the Stackleberg game 
problem (GPl) (2.9) or equivalently problem (3.29), we need to discuss another Stackleberg game 
problem (3.30), in other words, we should discuss the following problem: 


inf sup 
bei' 6»ee 


1 

2 




t)‘^dt 



+ (yo,V’(o)) 


(3.38) 


Define a non-negative nonlinear functional on Y by 


NF{tP) = sup 
0e0 




6{x)fi{x,t)^dt 





(3.39) 


Lemma 3.23. For q G [l,-|-oo), the functional NF{-) defined by (3.39) is a norm for the space Y 
defined by (2.5). 


Proof. It is clear that 


NF{fi) > 0, £ Y and = 0 ^ NF{'if) = 0. 


By (3.25), 


Furthermore, if NF(f;) 


NF{fi) = sup \\l3fi\\Li{o,T-,L^{n))- 
/3eB 

0, then fifj = 0 for any fi £ B. By 


we have 

^{x£^l\/3{x)>^y a/2}'^ 

It then follows from (3.3) and the unique continuation for heat equation ([3]) that = 0. Therefore, 
NF{fj) = 0 if and only if ^ = 0. Finally, a direct computation shows that 


IVF(cV’) = |c|iVF(V’),V fi£Y, c G M. 


20 



By 

Il/3(V'1 +'02)||L<J(o,r;L2(n)) < ll/3V'l||L'J(0,r;L2(Q)) + ||/3V'2||L9(0,r;L2(Q)), V /3^ = 0 G 0, 

we have 


6{x){^i{x,t) + ^ 2 {x,t))‘^dt] dt 


< 


'0 \Jn 

ifi 

\Jo \Jn 


6{x)'ipi{x,t)‘^dt dt + / ( / 0{x)^jJ 2 {x, t)"^dt dt 


10 \Jn 


So, 


NF{'il:i + V’2) < A^(V’i) + NF{il)2). 
This shows that NF is a norm for the space Y. 


□ 


Definition 3.24. Owing to Lemma 3.23, we can denote the norm given by the functional NF{-) 
as II • ||af. It is clear that the space {Y, || • \\nf) is a normed linear space. We set (Yg, || • || 7 \f) as 
the completion space of (Y, || • \\nf)- 

Along the same line in the proof of Lemma 3.4, we have the following Lemma 3.25. 

Lemma 3.25. Let I < q < 00 . Then under an isometric isomorphism, any element of Yg can be 
expressed as a function f> G C{[0,T); L‘^{Q)) which satisfies (in the sense of weak solution) 

{ f>t{x, f) + Aip{x, t) — a{x, t)(p{x, t) = 0 in Q X (0, T), 

(p{x,t) = 0 on dll X (0,T), 

and NF{ip) = lim NF{ip{-; Zn)) for some sequence {zn} C L‘^{Ll), where ip{-;Zn) is the solution of 

n^oo 

( 2 . 1 ) with initial value z = Zn. 


Remark 3.26. By Lemma 3.25, we have the following inclusion: 

Yg<ZL^{d,T-L^{Ll)). 

Indeed, suppose that no G N so that no > 1/a. There are no measurable subsets lji,U 2 , . 
n such that 

no 

Wj G W, V j G {1,2,... ,no}, y Wj = 0. 

1=1 

The inclusion (3.40) then follows from 

( \ 2 

V / Xcjjix)f^ix,tfdx\ dt 

j 

'^0 / p \ f 

no^ yJ^Xiojix)f>ix,tfdxj 

rT ”- 0 ^ / f- 


(3.40) 


(3.41) 
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no 

<i/ss^llv.||V = „='"lHIV, 

i=i 

where the Schwartz’s inequality is used in the second inequality of (3.41) and the last inequality in 
( 3 . 41 ) is derived from ^ S \/^- 

Furthermore, for any f3 G B, it follows from 

\m\L2io,T:mn))<NFW, 

that 

/3gI3. (3.42) 

Recalling that Y is dense in Yg^q and sup F{9,if) = sup F{9,'4)) with 9 = f3‘^, we have 

sup F{9, fj) = supF(0,V’)= sup F{9,'ip). (3.43) 

’/'6’K 

Now, we discuss the following extended game problem of (3.38): 

q - 

in^sup i ( / ( [ 9{x)'il){x,t)^dx] df) +(2/o,V'(0)) 

{GP2) : S&yqd&G) ^ yjo \jq. ) j (3.44) 

= inJL ^IIV'IIaf + (2/o,V'(0)) . 

Ip&q yl \ 

Notice that the functional in problem (GP2) (3.44) is strictly convex, coercive, and continuous. 
Similarly to Lemma 3.6, we have the following Lemma 3.27. 

Lemma 3.27. For any yo G L‘^{Q) \ {0} and q G [l,oo), the game problem (GP2) (3.44) admits a 
unique nonzero solution. 

Now we present Nash equilibrium problem of two-person zero-sum game: 

(GP3) : To find 9 GQ,ff GYq such that F{9,(p) = sup F(0, V') = inf F(0,'i/j), (3.45) 

where F{9,'if) is defined by (3.27). The following Theorem 3.28 is about the existence of the Nash 
equilibrium to the two-person zero-sum game problem (GP3) (3.45). 

Theorem 3.28. Let q G [1,2] and let f) be a solution to problem (GP2) (3.44)- Then problem 
(GP3) ( 3 . 45 ) admits at least one Nash equilibrium. Furthermore, if f3 is a relaxed optimal actuator 
location to problem (1.8), then {9 = /3^,'0) is a Nash equilibrium to problem (GP3) (3.45). Con¬ 
versely, if {9,f)) is a Nash equilibrium of problem (GP3) (3.45), then f) = (f, and /3 = 0^/^ is a 
relaxed optimal actuator location to problem (1.8). 
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Proof. In terms of (3.43) 


V~^ = inf supF(0,V’) = inf sup F{6,'ijj). 


(3.46) 


Notice that 


V = sup inf F{9,^{;) < sup inf F{9,'il>) < inf sup F{9,^). 


i/>eF 


eee 




6»ee 


0e0 




It follows from Theorem 3.21 that 


inf sup F(9, Ip) 


sup inf F{9,'ip). 


Furthermore, by (3.46) and (3.25), 


(3.47) 


if /3 is a solution to problem (GPl) (2.9), then 0 is a solution to inf sup F{9,'il>); 
if 0 is a solution to inf sup F{9^'ip), then /S is a solution to problem (GPl) (2.9), 

where 9 = Recalling Proposition 2.5, we have the following results; 


(3.48) 


• Equation (3.47) ensures that problem (GP3) attains its value; 

• Problem {GP2) (3.44) admits a unique solution ip by Lemma 3.27; 

• Problem (GPl) (2.9) admits a solution by Theorem 3.16 and (3.48). 

It follows from Proposition 2.5 that problem (GP3) admits at least one Nash equilibrium. Further¬ 
more, if 0 is a solution to inf sup F[9,'ip), then {9,ip) is a Nash equilibrium to problem (GP3). 

Gonversely, if {9,'ip) is a Nash equilibrium of problem (GP3), then 0 is a solution to problem 
inf sup F{9,'ip) and xp solves sup inf F{9,xp). By the uniqueness from Lemma 3.27, it holds that 

xp = xp. That, together with (3.48) and the equivalence between problem (1.8) and problem (GPl), 
Theorem 3.28 is derived directly. □ 

Proof of Theorem 1.1. If p G [2, +oo], then q G [1,2] and vice verse. Notice that {9, xp) is a Nash 
equilibrium of problem (GP3) if and only if {/3,xp) is a Nash equilibrium of problem (1.10), where 
/3^ = 9. By a direct verification, Theorem 1.1 follows from Theorem 3.28. □ 


Remark 3.29. For any Nash equilibrium to problem (GP3) in Theorem 3.28, the second compo¬ 
nent xp is the unique solution to problem (GP2) (Lemma 3.27). Thus for any solution j3 to problem 
(1.8), the set ^xp G Yg \ {f3, xp) is a Nash equilibrium^ defined in (1.11) is a singleton and indepen¬ 
dent of fi. Thus for any solution (3 to problem (1.8), {fi,xp) is a Nash equilibrium of problem (1.10). 
By the definition of Nash equilibrium, (3 solves the folloxjuing problem: 


'1 

sup - 

/3eB 


m-)\ 


2 

L'J(0,r;L2(o)) 


+ (yo,V’(o)) 
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Equivalently, j3 solves problem (1.12). We thus have all results of Remark 1.2. 

If (3 is a relaxed optimal actuator location, then {(3,'4>) is a Nash equilibrium of problem (1.10). 
So f3 is optimal for this fixed f). However, if there is (3 such that (3 is optimal for the fixed f), 
we can not derive that f) is also optimal for this j3. Therefore, we can not say that (3 is also a 
relaxed optimal actuator location. This implies that the condition in Remark 1.2 is only a necessary 
condition. 


3.3 Optimal actuator location for the case of p = 2 


Though we have derived the existence for the relaxation problem, the existence of the optimal 
actuator location to the classical problem (1.4) is still not known. A key problem leading the 
relaxation solution to the existence of the classical problem (1.4) is whether the following equality 
holds: 

inf Np(/3) = inf Np(u)7 (3.49) 

To establish this equality, we need to learn more about the optimal a relaxed actuator location (3. 
Recall Remark 1.2 that if /3 is relaxed actuator location, then ^ solves problem (1.12). Thus 0 = 
solves 


sup / 

6»e0 \Jo 


In 


6 {x)fj{x,t)‘^dt dt 


That is to say, 


rT / r \ I rT 

^ 2 , 


6 {x)'ilj{x,t)‘^dt \ dt = sup / ( / 9{x)fj{x,tYdt \ dt. (3.50) 

/o \Jn J e&eJo \Jn J 

In this subsection, we limit ourselves to the case of p = 2. We show that when p = 2, the equality 
(3.49) is indeed valid, which relies on the fact that the integration orders in equation (3.50) with 
respect to the variables t and x can be exchanged. 

First of all, we present a preliminary result about the following problem 


sup / 0(x)(/>(x)dx, 
e&eJn 

where (/>(•) G L^(fl). To this purpose, we define, for any (j) G L^(n) and c G M, that 

^[4> > c] = {x G I (/)(x) > c}, n[(/) = c] = {x G n I 4>{x) = c} , 
n[(/) > c] = {x G 1 4>{x) > c}, ii[(/) < c] = {x G n I 4>{x) < c} . 

Let 

M^c) = m{Vt[()) > c]) for any cj) G L^(ll) and c G M. 

It is clear that the function M^c) is monotone decreasing with respect to c. By 

lim Q[(j) > c — e] = 11[0 > c — e] = 11[(/) > c], 


(3.51) 


(3.52) 


(3.53) 


£>0 
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This shows that M^(-) is continuous from the left for any given (j) G Since 



lim Ma>{c) = 0, lim MMc) = m{Ll), 

c-^+oo ^ c-^—oo ^ 


the real c,p given by 

c,j) = max {c G M 1 M^{c) > a ■ m(n)} , 

(3.55) 

is well-defined. Hence 

> a ■ m(n) > M,p{c,p+)= + e), 

(3.56) 

and 

M^{c^ -1- e) < am{Ll), V e > 0. 

(3.57) 

Let 

_ A A M^{c^+) 

m(fl) ’ m(H) ■ 

(3.58) 

It follows from (3.56) that 



ot<j,>a> g^. 

(3.59) 


Since 


it follows that 


lim > c + e] = n[(/> > c + e] 


£>0 


n[(?!) > c], 


M^{c^+) = > c^]). 

By the definition of in (3.58), 


m(n[(/) > c^]) = g^ ■ m{Q). (3.60) 

This, together with (3.58) and (3.59), implies that 

m(n[(/) = c^]) = {atj, - g^)m{^}) > {a - g^)m{Q). (3.61) 

The following result is about problem (3.51). 

Lemma 3.30. Let 4>{-) G L^{Q). Then the problem (3.51) admits a solution 6{x) = Xco(x) G W. 
Moreover, the function 6{-) G Q is a solution to problem (3.51) if and only if it satisfies the following 
two conditions 


6 {x) = 1,V X G Ll[(j) > c^] a.e. and 6{x) = 0,V x G < c^] a.e. (3.62) 

where is defined by (3.55). As a consequence, the problem (3.51) admits a slolution Xcj G W i/ 
and only if 9{x) = Xaj(x) satisfies (3.62). 



Proof. For any 6{-) G 0, it holds that 


9{x)4>{x)dx 


/ 

Jn 


9{x)(j){x)dx + C(p / 0(x)dx+ / 9{x)4>{x)dx 

O[0>C^] Jq[iP=c^] JQ[it><c^] 

f (/>(x)dx — f {1 — 9{x))(p{x)dx + f 9{x)dx+ ( 

Q.[4>>c^] Jq.[4>>c^] JQ.\<t>=Cd,\ Jfl 


< 


< 


ln[4)>c^] 

I 

lQ[if>>c^] 

[ 

lQ[if>>c^] 

f 

lQ[ip>c^] 


9{x)4>{x)dx 


(/>(x)dx — (1 — 9{x))c^dx + c^ 9{x)dx + / 

Jn[<j>>c^] Jn[<j>=c^] Jn[4><c^] 

(/>(x)dx — q^m{Vt) ■ c^ + / 9{x)dx + / 9{x)(t>{x)dx 

/ (f){x)dx — g^m{Vt) ■ / 0(x)dx + / 0(x)dx 

jQ.\(i)>Crh\ '^S7[(/)>c^] Jo. 

(I){x)dx — q^m{Vt) ■ C(j) + Cff, / 0(x)dx 

Jn 

(j){x)dx + (a — 


n[<j)<c^] 

9{x)4>{x)dx 


ln[4><c^] 


Jn[4)>c^] 

In (3.63), the third eqnation comes from (3.60). Hence 


sup / 9{x)4>{x)dx < / (^(x)dx + (a — a^)m(n) • c,ji. 

e&eJn Jo[<a>cJ 


in[<j»c^] 

If 0 G 0 and (3.62) holds, then it follows from (3.60) that 


Jn[ip=c^] 

This, together with (3.62), implies that 


9{x)dx = {a — a^)m{Q,). 


/ (j){x)dx + (a — g.(j,)'m{Q) ■ = / 0(x)(/>(x)dx. 

> Q.[(j)>C(i^] Jo. 


Thus 0 is a solution and 


(3.63) 

(3.64) 

(3.65) 


(3.66) 


max / 0(x)(/)(x)dx = / (j){x)dx + {a — a^)m{VL) ■ cs. 

*^60 Jn Jn[<i,>c^] 

For each measurable subset E oiVt.[(f) = c^] with 

m{E) = {a — g^)m{Q), 

dehne 

^ Xo[</)>c^]UE' 

A direct computation shows that 9 £ W and (3.62) holds. Thus problem (3.51) admits a solution 
in W. On the other hand, if 0 is a solution, we can derive (3.62) by (3.66) directly. This completes 
the proof of the lemma. □ 
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Remark 3.31. Define a set-valued operator O : L^{D) — )■ 2® as follows: 

For any G L^{Q),6 G 0{(f>) if and only i/0 G 0 and condition (3.62) holds. (3.67) 

By Lemma 3.30, it is easy to verify that 6 solves problem (3.51) if and only if 6 & in other 

words, 


is the solution set to problem (3.51). 


(3.68) 


Now we discuss the game problem (GP2) (3.44) ior p = q = 2, that is, 

^1 '■ 


{GPA) : 


inf_ sup 
i/’ei2 6»ee 00 Jn 


0{x)\fi{x, t)rdxdt + ( 2 / 0 , V'(O)) 


= inf max 


^ 6^2 [2 


1 


(0, ) + (00, V’(O)) 


(3.69) 


where the operator G : L‘^{Q. x (0,T)) —)■ L^{Ll) is defined by 

fT 

G^{x) = / \fi{x,t)\‘^dt, X G n a.e. (3.70) 

Jo 

by (3.40), G is well-defined in the space Y 2 . 


Proposition 3.32. Let the operator G and the set-valued operator O be defined by (3.70) and 
(3.67), respectively. If (f is a solution to (GPf) (3.69), then j3 ^ B is a solution to problem (1.8) 
if and only i/0 = /3^ G 0 solves problem (3.51) with i.e. 

0gG(G^). (3.71) 

Proof. The necessity follows from Theorem 1.1. For the sufficiency, we suppose (3.71). The 
remaining proof will be split into two steps. 

Step 1. Define a nonlinear functional P in L^(D) by 

-^( 0 ) = 1 max [ 0{x)g{x)dx, '7 g e L\n). 

Then, we can rewrite problem (GP4) (3.69) as the following problem: 

inl(.T(Gv,) + (0o,V'(O))). (3.72) 

bey, 

Since ^ is a solution to problem (3.72), 

^hm^ i [PiG,^^^) + {yo, (sfi + ^)(0)) -P{G^) - { yo, ^(0))] = 0, V G (3.73) 


Denote 


/=/ V’(-,i)^dt = G^, and/^ = / fi{-,t)'4!{-,t)dt,'7 G Y 2 . 
Jo Jo 


(3.74) 
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Then for any ip ^¥ 2 , 


1 


\un - - ¥{G^)] 


£—>■0+ S 

= lim — 
€ —^0-i- 2(S 


max / 6{x)dx / \\'ip(x,t)\‘^ + 2£ip(x,t)ip(x,t) + £‘^\'ip(x,t)\‘^] dt 

'^ee Jn Jo 

r rT 

2 , 


= lim — 

s —^0+ 26’ 


— max / 9{x)dx / \'ip{x,t)fdt 

i/o </0 

rT 


max / 0(x)dx 
^^60 


(x,f)fdf + 2e / 'ip{x,t)'ilj{x,t)dt 


— max / 0(x)dx / jV'fxjfiPdf 
'^ee Jn Jo 


= lim — 
£■—^0+ 26’ 


max L e{x) [/(x) + 2e/^(x)] dx — max J 6{x)f{x)dx 


= / _ /^(x)dx+sup / _ 7 (x)/^(x)dx, 

Jn[f>cf] 7erjJn[/=c^] 

where in above the last step, we applied Lemma 3.33 and used the fact 


r/=|7G^°°(^^[/ = c/];[0,l]) 

This, together with (3.73), implies that 

/ _ U{x)d; 

J nf f>c7] 


ln[f=cj] 


7 (x)dx = {a — aj) ■ m{Q.) > . 


x+sup / _ 7(x)/^(x)dx +(2/o,V'(0)) = 0, V V'G l 2 - 

J jQ.[f=Cf\ 


For any ■0 G 12) it follows from (3.75) that 

dx 0(x, t)0(x, t)dt + sup / _ 7 (x)dx / ■0(x, t)'0(x, t)dt 

Jn[f>cf] Jo 7erjJn[/=cj] Jo 

+ ( 2 / 0 ,0(0)) = 0; 

— dx 0(x, t)0(x, t)dt + sup / _ 7 (x)dx / —0(x, t)0(x, t)dt 

Jn[f>cjr] Jo 7erjJo[/=c0 Jo 


(3.75) 


(3.76) 


- ( 2 / 0 ,0(0)) = 0. 


Therefore, 


sup / 7 (x)dx / 0(x, f)'0(x, f)dt = inf / 

7erjJo[/=cj] Jo o'S'"/Jo[7=c0 


7 (x)dx / 0(x, f)'0(x, f)d0 


and 


/ 0(x, f)'0(x, f)df is identical to be constant in U[/ = cj] for any hxed 0 G l 2 - (3.77) 

Jo 

Step 2. We claim that 


(0,0) is a Nash equilibrium to problem (GP4) (3.69) for any 0 G 0(f). (3.78) 
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To obtain (3.78), it follows from (3.43) that we need only to prove that ■0 solves the following 
problem: 


i nf 

■>P&I3,2 


1 


/o JQ 


0(x)0(x, tfdxdt + ( yo, 0(0)) 


or equivalently, /30 solves 


inf_ 

Ce/3y;3.2 L 


IKIli2(0,T;L2(Q)) + (7^,2 ?/0; C) 


(3.79) 


(3.80) 


where (3 = 0^^'^ G B. 

On the other hand, since (3.80) is a quadratic optimization problem, 0 is a solution if and only 
if 0 satisfies the following Euler-Lagrange equation: 

[ §{x)dx [ 0(x,00(x,0dt + (2/o,0(O)) = 0,V 0 G Ya, 2 - 
JQ Jo 


Since Y C Y 2 C 70^2, and Y is dense in 40,2, we have 
r cT 


In 


9{x)dx / 0(x, t)'ip{x, t)dt + ( yo, 0(0)) = 0, V 0 G 40- 
I Jo 

To show that 0 is a solution, we only need to prove (3.81). By (3.67), 

9{x) = 1 when x G > cj], 9{x) = 0 when x G n[/ < cj]. 
Thus (3.81) can be written as 


(3.81) 


ln[f>cf 


/^(x)dx + / 0{x)f^{x)dx + ( yo, 0(0)) = 0, V 0 G 40. 

7o[/=c0 


By 0 G 0{f) and (3.65), it follows that 




This, together with (3.77), implies that 

[ _ 9{x)f^{x)dx = sup [ 7 (x)/^(x)dx, V 0 G 40. (3.82) 

Jn[f=cj^] 'yerf Jn[f=cf] 

Equation (3.81) then follows from (3.75) and (3.82). That is, 0 is a solution to (3.79). This proves 
(3.78). 

Einally, it follows from Theorem 3.28 that 0 = is a relaxed optimal actuator location. □ 


Denote 

supp0 = {x G D I 9{x) 0 0 } , V 0 G L^(D). (3.83) 


Lemma 3.33. Let D[0 > c], D[0 = c], D[0 < c\, and let M^{c), c^, a^, a^, f, be defined by 
(3.52), (3.53), (3.55), (3.58), (3.74), respectively. Then 


lim —(max / 0(x) [/(x) + 2e/^(x)l dx — max / 0(x)/(x)dx 
^ 0 + 2e \eee Jq ^ ^ e&e 


ln[f>cj] 


f^{x)dx + sup 


■y&Tj Jn[f=cj] 


7 (x)/^(x)dx, 
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where 


' ' 'm=cj] 

To prove this lemma, we need the following results. 


7 (x)dx = (a — aj) ■ m{VL) 


(3.84) 


Lemma 3.34. Let ^[0 > c], n[()) = c], Ll[(j) < c], and let M^{c), c^, a^, g^, /, fipLj be defined by 
(3.52), (3.53), (3.55), (3.58), (3.74), (3.84) respectively. Then 


lim —(max [ 9{x) [/(x) + 2e/^(x)l dx — max [ 0(x)f(x)dx 
:^o+ 2e \e&e Jq ^ see 


> 


ln[f>Cjr] 


/^(x)dx + sup 


■yer jr Jn[f=cfi 


7 (x)/^(x)dx. 


(3.85) 


Proof. Considering Ll[f = cj] in (3.85) as Ll in problem (3.51), and noticing m{Ll[f = cj]) > 
{a — gj)m{Li), we obtain, from Lemma 3.30, that 

sup / _ 7 (x)/^(x)dx 

yeTj Jn[f=cf] 

admits a solution which is denoted as 7 , i.e. 


/ 3 {x)f^ix)dx = max / 7 (x)/^(x)dx. 

In[f=cf] 


We claim that 0 = Xnif>cy] + 7 ' Xn[f=cy] ^ ©> and 


(3.86) 


9{x)f{x)dx = m^ / 0(x)/(x)dx. 


(3.87) 


Actually, by (3.60), it follows that 


m{Ll[f > Cj]) = Oj • m{Ll). 


This, together with 7 G Tj, implies that 0 G 0. So the claim follows from Lemma 3.30. 
By virtue of (3.87) and (3.86), we have 


lim —( max / 0 (x) (/(x) + 2 e/^(x)) dx — max / 0 (x)/(x)dx 

£^o+ 2e \eee Jq ^ ' e&e 

> lim [ 9{x) {f{x)+ 2ef^{x)) dx - [ 9{x)f{x)dx 

£^o+ 2s\J^ ^ ^ ' Jq 


[ 0{x)f^p{x)d: 
JQ 


x= /^(x)dx + max / 7 (x)/^(x)dx. 

Jn[f>cj] Jn[f=cj] 


This proves inequality (3.85). 


To estimate 


lim — 

E —^0+ 2s 


( max 
V eee 


I 

Jn 


0(x) [/(x) + 2 e/^(x)_ 


dx — max / 0 (x)f(x)dx , 

in ' 


we need the following Lemma 3.35. 
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Lemma 3.35. Let r2[(/) > c], r2[(/) = c], Ll[(p < c\, and let M^{c), c^, a^, f, be defined by 

(3.52), (3.53), (3.55), (3.58), (3.74), respectively. Let 5 >0 and denote by 


Then 


= lim [ 0^(x)/i/,(x)dx, 

£^> 0 + JfiS.e 


lim [ 0^(x)/^(x)dx. 


(3.88) 


lim — ( max [ 9(x) \f(x) + 2e/^(x)l dx — max f 9(x)f(x)dx] < L^ + LL^, 
£^o+ 2e \eee Jq ^ ^ eee ) 

In addition, 

I^<[ f^{x)dx. 

J f2[/>cj+6(5] 

Proof. Let 5 > 0 be fixed and denote /^ = / + 2e/^ for any £ > 0. Notice that 

= Ll[f > cj + 65] n ^[U > -5/£\ 

C Ll[f^ > Cj^ + 45] 

C f4[/(x) > cj + 25]U^2[/^ > 5/e]. 

It follows from (3.91) and (3.57) that 


lim m{Ll[f^ > cj + 45]) 

< lim (m(fl[/> CF + 25]) + m(n[/^ > 5/e])) 

< m {Ll[f > Cj + 25]) < am{Ll). 

So there is e(5) > 0 such that 

m{Ll[f^ > Cj + 45]) < am{Ll), V e < e(5). 
We claim that : for e G (0,e(5)), if 9^ G 0{f^), i.e. G © solves 


m^ I 9{x) (/(x) + 2e/j(x)) dx, 


in 


then 


Actually, by (3.91), we only need to prove that 

6" >Xeo with Eq = Q[f^ > Cj + 45]. 
If this is false, then there exist 9o G 0{f^) and Ei C Eq such that 

m{Ei) > 0 and 6*o(x) < 1, a.e. x G Si. 


(3.89) 


(3.90) 


(3.91) 


(3.92) 


(3.93) 


(3.94) 


By (3.94) and (3.92), 


A 


min 


[ (1 - 6»o(x))dx, 

J El 



0o(x)dx 


> 0 . 
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So there are £'2 C £1 and £3 C \ £9 such that 


/ (1 — 0o(a:))dx = / 9o{x)dx = A. 
/ E2 J 


(3.95) 


^0 — Xq\{E2VJE^)^^ + Xej- 

It follows from (3.95) that 

eo{x)dx = (Xn\{E2VJE^)^o{x) + XE2) 

= / 0o(x)dx — / 0o(x)dx — / 0o(x)dx + / dx 

J Q, J E 2 Es E 2 

= / 0o(x)dx = am(n), 

Jq 

i.e., 6*0 G 0. Moreover, by recalling Eq = n[/^ > cj + 45], we have 


/^(x) > cj + 45, a.e. x G £2 C £0 


This, together with (3.95), yields 


/ 6»o(x)/''(x)dx = / 


+ XeJ (x)r(x)dx 


(3.96) 


[ 9o{x)f{x)dx+ [ f{x)dx= [ 9o{x)f{x)dx+ [ {1 - 9o{x))f{x)dx 

J fl\[E2UE^) J E 2 J Q\E2, E 2 

[ 6'o(x)/^(x)dx + [ (1 - 6*o(x)) (cj + 45 ) dx 

Jn\E:< JEo 


/ 6'o/^(x)dx + (cj + 45 ) / 6'o(x)dx. 

'Q\E3 Je3 


Note that 


f^{x) < Cj + 45 , a.e. x G £3 C fl \ £ 9 . 


The above two inequalities imply that 


/ 9o{x)f{x)dx> / 6»o(x)/^(x)dx + / 6'o(x)/^(x)dx = / 6»o(x)/^(x)dx. 

J Q\E^ J E^ J £7 

By 00 G 0 from (3.96), the above inequality contradicts with 9 G 0{f^). Thus the claim follows. 


dj = inf {d G M I m{Q[f < d]) > (1 — a)m(n)} . (3.97) 

Since for any r > 0, m{Q[f < dj — rj) < (1 — a)m(n), so 

m{^[f > df — rj) > m(n[/ > dj — rj) > am{Q). (3.98) 

This, together with (3.55), implies that dj — r < cj for all r > 0, and hence cj > dj. 
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Since 


n[f<d] = f]n[f<d + s], 

£>0 

it has 

< d]) = lim m{Q[f < d + d). 

£^> 0 + 

By (3.97), the infimum defining dj can be reached. Thus 

< dj:]) > (1 — a)m{Q). 

By the definition of cj, > cj]) > am{0,). Therefore, 

m{{x £ Q \ dj < f{x) < Cj}) = m{Q,) — m{Q,[f < dj]) — m{Q,[f > cj]) 
< m(f7) — (1 — a)m{Q.) — am{Q) = 0. 


i.e.. 


m ({x G ri dj < f{x) < Cj}) = 0. 


Furthermore, 

n[f>dj-25][^n[f^>-5/e] 

£VL[f> dj - 46] 

C r2[/(x) >dj- 65] [J f^[/^(x) > 5/e]. 
It then follows from (3.100) and (3.98) that 


(3.99) 


(3.100) 


lim m (n[/^ > df — 45]) 

£ —^ 0 -|- 

> lim m (n[/ > dj — 25] f) £t[fj > —5/e]) 

£ —^ 0 -|- 

= m (fl[/ > dj — 25]) > am{£l). 

So there is e(5) > 0 such that 

fn (f2[/^ > dj — 45]) > am(n), V e < e(5). (3.101) 

Let 

^ n[f{x) > dj - 65] U n[fj{x) > 5/e]. 

Similarly to the proof of Claim 2, we have from (3.101) and (3.100) that for any 9^ G 0{f^), 

< XQS,e when e G (0,e(5)). (3.102) 


Choosing e to satisfy 


0 < e < min{e(5),e(5)}, 
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it follows from (3.102) and (3.88) that 


lim — ( max [ 9(x) (fix) + 2ef^(x)) dx — max [ 9(x)f{x)dx] 
e^o+ 2e V eee Jq ^ ' eee Jq ) 

< ^hm^ ^ ( / ^ 2e/^(x)) - J 6 »^(x)/(x)dx^ 

= lim f 9^{x)f^{x)dx = lim f 0^(x)/^(x)dx 


€ —^0-|- 


< lim 


£^ 0 + jQ6,e 




9^{x)f^{x)dx-\- lim 




9%x)f^{x)dx = I^ + 11^. 


Thus the inequality (3.89) holds. Now, by (3.93), 0^(x) = 1 for almost all x G Q^’^. It then follows 
from (3.91) and the dominated convergent theorem that 




lim / 

^^ 0 + Jn[f>cjr+65] 


X[U>-S/e]Ui^)^^ < 


r2[/>Cjr+65] 


/^(x)dx. 


Thus the inequality (3.90) holds and the proof is over. 


□ 


Lemma 3.36. Let Q[(p > c], Q[4> = c], Ll[(j) < c], and let M^{c), a^, a^, /, be defined by 

(3.52), (3.53), (3.55), (3.58), (3.74), (3.84) respectively. Then 

9{x)f{x)dx 

< / _ /^(x)dx + max / _ 7 (x)/^(x)dx. 

Jn[f>cj\ T'sr/ J n[/=cj] 

Proof. By the definition of cj given in (3.55), 


(3.103) 


lim — 

S —^ 0 + 26 ' 


max 
6 >g0 . 


a 


9{x) [/(x) + 2e/^(x)] dx — max 


n 


either m{LL\f > cj]) > am{Ll) or m{Ll[f > cj]) = am{Ll). 


This, together with cj > dj, implies that there are three possible cases: 

a) Cf = dj] 

b) cj > dj and m{Ll[f > cj]) = am(^Ll); 

c) Cj > dj and m{Ll[f > Cj]) > am{LL). 

First, we exclude the case c). We suppose that this case is true and obtain a contradiction. 
Actually, by definition (3.97) for dj, 

m{Ll[f < {cj + dj)/2]) > (1 — a)m{Ll). 

This, together with m(n[/ > Cj]) > am{Ll), implies that 

m{Ll) > m(n[/(x) < {cj + dj)/2])+m(n[/(x) > Cj])> (1 — a)m{Ll) + am{Cl) = m{Cl). 

So the case c) is impossible. We only discuss the first two cases. 
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Second, we discuss the case a). Notice that 


Setting 


we have 


lim = ^l[f > Cf — 6(5], lim = Q,[f > cj + 6(5]. 
£^0+ ■> £^0+ ■’ 


= 0 . Cj — 6(5 < / < cj + 6(5], 


lim = n\ 

£^>0+ 


(3.104) 


So 


and 


(3.105) 

(3.106) 


Xns,e\ns,e strongly in L\n), 

Xns,e\ns,eU XqsU strongly in L^(ll). 

Suppose that there is a sequence {e^, n G N} converging to zero such that 

lim / 0^"(x) f^(x)dx = lim / 9^(x)f^(x)dx. 

n^ooJ^S,ei\nsA ^ > e^o+J^s,e\^S,e ^ ^ J 

Since {6^"} C L°°{Q; [0,1]), there is a subsequence, still denoted by itself without confusion, such 
that 

r" weakly* in L°° (11), (3.107) 

and 0^ G L°°(ll; [0,1]). This, together with (3.106), implies that 


lim 

n—>(50 




0’''^{x)f,p{x)dx = li^ / r"(x) /b) ^ {x)f^{x)dx. 

Jn^ 


0^{x)f^{x)dx = / 9^{x)f^{x)dx. 

Jn^ 


Therefore, 

II^ = Itol 

^^ 0 + JCi^,e\nS,e 

On the other hand, by (3.102), supp0*^ C and so 

am{Q) = f 9'^{x)dx = j 9^{x)d. 
Jn Jsuw d’^ 

This, together with the fact 


(3.108) 


X = 




9^{x)dx. 



X(is,ei XQ.[f>cj-65] Strongly in 7.^(0), 


implies that 

/ 0^{x)dx= lim / 0^"(x)dx = Q;m(ll). 

(3.109) 


Jn[f>cf-6S] 

Now, we claim that 

— Xn[f>Cf+65]- 

(3.110) 

Indeed, since 

lim = Q,[f > Cf + 6(5], 

n^oo •' 
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it follows from (3.93) that 


{g,6^) = Im ( 5 , {g, Xns.d ) 

n^oo ' ' ' n^oo si n 

= { 9 , Xn[f>Cf+6S] )> G L\n; [0,oo)). 


Thus (3.110) holds true. 

Now recall (3.89). By (3.90) and (3.108), 


lim — ( max f 9{x) (/(x) + 2ef^{x)) dx — max f 9{x)f{x)dxj 
^^■ 0 + 2e \ eee Jq 0e0 Jq ) 




/^(x)dx + 9\x)f^{x)dx, V (5 > 0. 


Therefore, 


lim —(max f 0(x) (/(x) + 2e/^(x)) dx — max f 9{x)f{x)dxj 
2e \ e&e Jq e&e Jq ) 


< lim 


f^{x)dx+ 9^{x)f^{x)dx 


(5^>o+ \Jn[f>Cf+2S] 

= [ /^(x)dx+ lim / 0^(x)/^(x)dx. 

Jn[f>cf] (5^>o+ Jn^ 

Suppose that there is a sequence {<5^} such that 


lim / 9°"{x)f^{x)dx = lim / 9°{x)f^{x)dx. 

Jqs„ ( 5 ^> o + Jn^ 


Since {9^"} C L°°(n; [0,1]), there is a subsequence, still denoted by itself, such that 


9 weakly* in L°°(fl), 


and 9 G [0,1]). By (3.104), 


Xn^n/i/. ^ Xn[/=c.-]/b strongly in L^{Vt). 


lim / 9^"{x)f^{x)dx = / 9{x)f^{x)dx. 

Jn[f=cj] 


With replacement of by 1, we can obtain along with (3.109) and (3.110) that 

/ _ 0(x)dx = lim / _ 9^"{x)dx = 

Jn[f>cjr] Jn[f>cj-6Sn] 


m{Q[f > Cfl) > / 0(x)dx = lim 


> lim 




dx = m(n[/ > Cj]) = ajm{VL). 


0 ‘^"(x)dx 


(3.111) 


(3.112) 
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Therefore 


/ _ 9{x)dx = / _ 9{x)(lx — / _ 9{x)dx = {a — af)m{^}). 

Jn[f=cf] J^[f>Cf] Jn[f>cf] 

This, together with (3.111) and (3.112), gives inequality (3.103). 

Third, we consider the case b) for cj > dj and m (fl[/(a:) > cj]) = a ■ m(Q). By Lemma 3.30, 
there exists 9^ G W such that 9^ G O(f^). By Lemma 3.30, it follows that 

/ 

= 1 when /^(x) > c/e; 

0^(x) < = 0 or = 1 when /^(x) = c/e; 

= 0 when /^(x) < c/e. 

Hence 

/^(x) > Cfe > f^{y),\/ X G supp0^ a.e. and y G n\supp0^ a.e., (3.113) 

and 

m(supp0'^) = am(n). (3.114) 

Let 

= |x G 14 I /(x) > Cf, /^(x) > — ^4~| ’ G ^4 I /(x) < df, /^(x) < ^ j . 

Then 

f^{x) > ^ > f^iy), y X £ and y £ a.e. (3.115) 

Furthermore, 

lim A‘^ = f4[/ > Cf], lim = f4[/ < dd. 

£^0 ■' e—>-0 ■’ 

This, together with (3.99), implies that 

lim miA^) = a ■ m(14), lim miO. \ (A^ U B'^)) = 0. (3.116) 

£^>0 £^>0 

We claim that 

lim m(yl^ n suppd^) = a • m(14). (3.117) 

£^0 

To see this, for each e > 0, there is at least one of the following two cases to be valid: 

m (A^ n (14 \ supp 9^)) = 0 or m {B^ n (supp 9^)) = 0. (3.118) 

Otherwise, there exists some eo > 0 such that 

m {A^° n (14 \ supp 9^°)) / 0, m (B^° 0 (supp 9^°)) 7^ 0. 

Notice that 

n (14 \ suppr°) C 14 \ suppro, B^° n (suppro) C supp^o. 

It follows from (3.113) that 

/^°(x) < f^°{y) for almost all x G A‘^° O (14 \ supp0^°) and y £ B^° 0 (suppd^°). 
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This contradicts with (3.115). 

If there is a sequence such that n (fl \ supp 0'^")) = 0, then we have (3.117) by 

virtue of (3.116). 

If there is a sequence {Sn} such that m n (supp^^")) = 0, then, for any n G N, 

m n (supp^*^")) = 0 ^ m {B^" fl (H \ supp0'^'*)) = m (B^^) 
m ((II \ i?^") U supp0^") = m (H \ i?^") 

^ m{{{n \ B^^) n A^") U ((H \ 5^") \ U supp6»^")= m(((II \ 5^-) n A^'-) U ((H \ B^'-) \ A^'-)) 
=> m {{A^" U suppF'*) U (H \ {A^^" U B^"))) = m (A^" U (H \ {A^" U B^"))) , 

where the last assertion above follows from m (yl^" H B^^) = 0 by virtue of (3.115). Furthermore, 
the last assertion above, likely (3.116), implies that 

lim m(^^" U supp 0^’^) = lim m{A’^"). 

n^oo n^oo 

Thus 


lim m{A'^" nsupp^*^") 

n^oo 


= lim m(supp0'"") — lim m(supp 0'"'* \ vl^'*) 

n^oo n^oo 

= lim m(supp0^") — ( lim m{A^"" Usupp0^") 

n^oo \n^oo 


lim m{A^'^ 

n^oo 


)) 


= lim m(supp0'^") = am(II). 

n^oo 


Therefore (3.117) is true. 

By (3.116)-(3.117) and (3.114), it holds that 


lim m (yl^ \ supp = lim m (supp 9^ \ A^) = 0. 
£->■0 £->-0 


By the absolute continuity of the Lebesgue integral. 


Thus 


lim / |/^(x)|dx= lim / l/^(x)|dx = 0. 

£^>0+JA^Vsuppe^^ £^o+Jsuppe®\A® 


lim 
s—^0-|- 


< lim 
s—^0-|- 


/ 9'^(x)f^(x)dx - / 9'^(x)f^(x)dx 

/supp6»® 4 A® 


< lim 
s—^0-|- 


/ \U{x)\dx 

'A®\supp 

With the similar argument, we can prove that 


'A®\supp 


9^{x)f^{x)dx 


+ 


+ 


'SUpp0®\A‘ 

|/^(x)|dx 


0^{x)f^{x)dx 


'supp0®\A® 


= 0 . 


lim 
€ —^0-|- 


/ 9^{x)f^{x)dx- 9^{x)f^{x)dx 

lA^ jQ.[f>Cf\ 


= 0 . 


(3.119) 


(3.120) 
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By (3.119) and (3.120) 


< 


lim —(max [ 9(x) (f(x) + 2ef^(x)) dx — max f 9(x)f(x)dx 
9'^{x) {f{x) + 2ef^{x))dx-J 9%x)f{x)dx'^ 


= lim [ 9^^(x)f^{x)dx = lim / 0^(x)/^(x)dx (3.121) 

^^0+ Jq £^>0+ Jsupp e® 

= lim / 9’^(x)f.^(x)dx = lim [ 9^(x)f^(x)dx 

< [ Uix)dx. 

Jnif>Cf] 


Moreover, it follows from the assumption m (Q[f{x) > cjfj = a ■ m(Q) that Fj is a singleton. Thus 
(3.121) gives (3.103). □ 


Proof of Lemma 3.33. Combining Lemmas 3.34 and 3.36, we obtain Lemma 3.33 immediately. 

□ 


Proof of Theorem 1.3. By Proposition 3.32 and Lemma 3.30, we see that when a; G W, Xuj 
solves problem (1.8) if and only if 

Xcu £ C>(G^). 


Moreover, there must have an a; G 11 such that Xo solves problem (1.8). By the optimality of Xo, 
it follows from (1.8) that 


^2(X^) 


inf N 2 {fi). 
I3&B 


Notice that 


N 2 {xq) > inf iV 2 (Xc^), inf iV 2 (xa;) > inf lV2(/3)- 

ui&W ui&W /3eB 


We thus have 


inf iV 2 (Xa;) = inf N'2(/3). 

ui&W P&B 

Therefore, if Xu solves problem (1.8), then cj must be an optimal actuator location of problem 
(1.4). Notice that Xui £ is equivalent to oj solving 


sup ||Xc^/lli2(m, with/(x) 

ui&M ' ^ 


V’(x, t)dt. 


Using Proposition 3.32 again, we can derive the results of Theorem 1.3. 


□ 
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